Abstract. Given an S ∼ = RP 2 embedded in a 4-manifold X 4 with Euler number 2 or −2, the Price twist is a surgery operation on ν(S) yielding (up to) 3 different 4-manifolds:
Introduction
In 2012, Gay and Kirby [GK] introduced trisections of closed 4-manifolds, an analogue of Heegaard splittings of 3-manifolds. During the past six years, topologists have extended this idea to various objects such as 4-manifolds with boundary [C] , knotted surfaces in 4-manifolds [MZ2] , and 4-manifold groups [AGK] . Furthermore, trisections have been used to study classical problems in topology, such as generalized property R conjecture [MSZ] . Recently, Gay and Meier [GM] have studied surgery on spheres in S 4 (including the Gluck twist and blowdown), by constructing trisections of sphere complements in 4-manifolds. In this paper, we show how to obtain a trisection of a general surface complement in a 4-manifold. From the trisection of an RP 2 complement, we go on to study the Price twist, which is a generalization of the Gluck twist [P] (surgering an RP 2 rather than an S 2 ). This paper is organized as follows. In Section 2, we first give very basic definitions of various notions of trisection. In Section3, we describe the Price twist. In Section 4, we show how to produce a relative trisection of a surface complement in a 4-manifold. Finally, in Section 5 we give a procedure that produces a trisection of a 4-manifold arising from an RP 2 surgery.
2. Trisection, relative trisection, and bridge trisection 2.1. Definitions. First, we define a trisection of a closed 4-manifold.
Definition 2.1. [GK] Let X 4 be a closed 4-manifold. A (g, k)-trisection of X 4 is a triple (X 1 , X 2 , X 3 ) where
• X 1 ∪ X 2 ∪ X 3 = X 4 ,
• X 1 ∩ X 2 ∩ X 3 ∼ = Σ g , where Σ g is the closed orientable surface of genus g.
Note that from the definition, (Σ g , X i ∩ X j , X i ∩ X k ) gives a Heegaard splitting of ∂X i . Also, X 4 is specified by its spine, Σ g ∪ i,j (X i ∩ X j ). Therefore, we usually describe a trisection (X 1 , X 2 , X 3 ) by a trisection diagram (Σ g , α, β, γ) where each of α, β, and γ consist of g independent curves bounding disks in the handlebodies X 1 ∩ X 2 , X 2 ∩ X 3 , X 1 ∩ X 3 respectively.
For exposition of trisections, refer to [GK] or [MSZ] . Next, we define a relative trisection of a compact 4-manifold with boundary.
Definition 2.2. [C] Let X 4 be a compact 4-manifold with boundary M 3 . A (g, k, p, b)-relative trisection of X 4 is a triple (X 1 , X 2 , X 3 ) where
g is an orientable surface of genus-g and b boundary components. In X i ∩ X j , the (g − p) 2-handles are attached to cancel (g − p) 1-handles of Σ b g × I. Moreover, we have the following conditions on M 3 :
Relative trisections of X, X with ∂X ∼ = ∂X can be glued to form a trisection of X ∪ ∂ X if and only if the relative trisections induce the same (isotopic) open books on ∂X ∼ = ∂X . [C] Again, X 4 is specified by its spine, Σ b g ∪ i,j (X i ∩ X j ) [CGPC1] . Therefore, we usually describe a relative trisection (X 1 , X 2 , X 3 ) by a relative trisection diagram (Σ b g , α, β, γ) where each of α, β, γ consist of g−p independent curves bounding disks in the handlebodies X 1 ∩ X 2 , X 2 ∩ X 3 , X 1 ∩ X 3 respectively.
For exposition of relative trisections, refer to [C] , [CGPC1] or [CO] . Finally, we end this section by defining a bridge trisection of a knotted surface in arbitrary 4-manifold. Definition 2.3. Let S be a surface embedded in a 4-manifold X 4 . Say X 4 has a (g, k)-trisection (X 1 , X 2 , X 3 ). By [MZ2] , S can be isotoped so that
• S ∩ X i is a boundary parallel disjoint union of c disks,
• S ∩ X i ∩ X j is a trivial tangle of b arcs. Note χ(S) = 3c − b. We say that (X 1 , X 2 , X 3 ) induces a (c,b)-bridge trisection on S. We can stabilize (X 1 , X 2 , X 3 ) to find a trisection (X 1 ,X 2 ,X 3 ) which induces a (1,
For exposition on trisections of surfaces in 4-manifolds, see [MZ1] or [MZ2] .
2.2. Kirby diagrams from relative trisections. In this subsection, we discuss how to obtain a Kirby diagram of X 4 from a relative trisection. This essentially comes from Lemma 14 of [GK] (although they only consider closed manifolds, the procedure is almost exactly the same for manifolds with boundary).
Let (S, α, β, γ) be a (g, k, p, b)-relative trisection of X 4 . Consider the following handle structure on X 4 :
• One 0-handle and k 1-handles, gluing to make X 1 .
• g − k + p + b − 1 2-handles, corresponding to γ curves which are dual to the β curves. These handles are glued to the 0-and 1-handles so that X 2 = (H β ) × I ∪ 2-handles.
• k − 2p − b + 1 3-handles, corresponding to parallel α, γ curves. Then X 3 = H α ∪ H γ ∪ 3-handles. In pratice, drawing the Kirby diagram for this handle decomposition is simple when there are no 3-handles (i. e. k − 2p − b + 1 = 0; i. e. there are no parallel α, γ curves). Perform handle-slides on the α, β curves so that the pair (α, β) is standard. Then draw a 1-handle for each cut arc in the α, β pages and for each parallel α, β curve; draw a 2-handle for each γ curve with framing given by the surface framing. See Figure 1 .
In general, finding a relative trisection of X 4 from a Kirby diagram is difficult. In [CGPC2] Castro, Gay, and Pinzón-Caicedo describe how to obtain a relative trisection from a Kirby diagram of X 4 and a page of an open-book on ∂X 4 within the diagram.
3. The Price Twist 3.1. Introduction. Let S be a copy of RP 2 embedded in a 4-manifold X 4 , with Euler number e(S) = ±2 (e. g. any RP 2 in S 4 ). A tubular neighborhood of S admits a handle structure consisting of a 0-handle, a 1-handle, and a 0-framed 2-handle running twice over the 1-handle (Fig.2) . We call this tubular neighborhood P + or P − , depending on the sign of e(S). The boundary of P is the quaternion space Q, named because it is the quotient of S 3 modulo the action of the quaternion group. A perhaps more useful description for low-dimensional topologists is that Q is a Seifert-fibered space
Here, α and β are standard. We have drawn a cutsystem (purple) for the α and β pages. Top right: We find a Kirby diagram for the pictured 4-manifold. Each cut arc doubles to a 1-handle curve; push one copy into the α compression body ("outside the surface')' and the other into the β-compression body ("inside the surface"). The γ curves become 2-handle attaching circles with framing given by the surface framing. Bottom: We can now easily see that the pictured 4-manifold is ( over S 2 , with three singular fibers of framing ±2, ±2, ∓2. Following [KSTY] , we call these fibers S 0 , S 1 , S −1 (see Fig.2 ).
Price [P] has classified the self-homeomorphisms of Q, finding that up to isotopy there are six. These maps preserve the Seifert fiber structure, and are determined simply by the induced permutation of the singular fibers.
Note ∂(X 4 \ ν(S)) ∼ = Q. Label the singular fibers in ∂(X 4 \ ν(S)) so that the trivial regluing of ν(S) to obtain X 4 corresponds to the map
Moreover, Price showed that the map that permutes S 0 , S 1 extends over P ± . Therefore, there are at most three 4-manifolds (up to diffeomorphism) that may arise from deleting ν(S) from X 4 and regluing according to φ :
• X 4 , when φ(S −1 ) = S −1 .
• τ S (X 4 ), when φ(S −1 ) = S 0 . Using the Mayer-Vietoris sequence, we see
We call Σ(S) the Price twist of X 4 along S. In the notation of Akbulut and Yasui [AY] , (ν(S), φ) is a plug (for φ(S −1 ) = S 1 ; the Σ S (X 4 ) gluing). See [AY] , [A2] for more on this point of view. For our purposes, it is enough to notice that the Price twist is a way of constructing potentially exotic 4-manifolds, and is most interesting in the case X 4 = S 4 . When X 4 ∼ = S 4 , Σ(S) is a homotopy 4-sphere. It is unknown under which conditions Σ S (X 4 ) is diffeomorphic to X 4 . Katanaga et. al. [KSTY] showed that this operation generalizes the Gluck twist: If K is a 2-sphere smoothly embedded in X 4 with trivial normal bundle, and P is a unknotted RP 2 in a 4-ball, then the Gluck twist of X 4 along K is diffeomorphic to Σ K#P (X 4 ). In particular, this means that in some cases Σ S (X 4 ) ∼ = X 4 (see for example [A1] ), but there are of course no known examples in S 4 . For instance, in [HKM] , it was shown that every homotopy 4-sphere obtained by Gluck twist on S 4 is standard. Hence, every Price twist of S 4 along a knotted RP 2 which can be decomposed into the connect sum of a knotted sphere with a standard embedding of RP 2 will be standard. However, it is not known that every knotted RP 2 can be decomposed this way. This question is known as the Kinoshita conjecture.
Question 3.1 (Kinoshita). Given a real projective plane S smoothly embedded in S 4 , can S be decomposed as K#P for some 2-sphere K and an unknotted real projective plane P ?
The answer to the above question is known to be "yes" in some cases; see e. g. [K1] . An example of a knotted real projective plane S such that Σ(S) ∼ = S 4 would answer both the Kinoshita conjecture and smooth 4-dimensional Poincaré conjecture negatively. But less extremely, one might study the Kinoshita conjecture by understanding τ S (X 4 ).
is a normal generator of π 1 (S \ K). Therefore, π 1 (τ S (X 4 )) is either isomorphic to a 2-knot group, possibly with one extra relation. These groups have been classified as admitting certain presentations by Kamada [K2] , so π 1 (τ S (X 4 )) is a potential obstruction to S admitting the decomposition K#P . 3.2. Two preferred Trisections of P ± . In this section, we describe two particular (g, k, p, b) = (2, 2, 0, 3)-trisections of P − (the mirror images of which are naturally trisections of P + ), shown in Figure 3 . Call these trisections T 1 and T 2 . From T i , the dicussion in Section 2.2 yields a Kirby diagram, from which we can check that the trisected manifold is indeed P − (see Fig. 4 ). The three singular fibers of Q = ∂P + form the bindings of the open book induced by T i on Q = ∂P − , and each page has monodromy consisting of 2 right-handed Dehn twists around two boundary components and 2 left-handed Dehn twists around the third. In T 1 , the twists around the S −1 boundary are left-handed. In T 2 , the twists around the S −1 boundary are right-handed (See Figs. 5,6 ). 
Relative trisections of surface complements
In this section, we show how to produce a relative trisection of a surface in a 4-manifold X 4 . In particular, we can produce a (g, k, p, b) = (g, k, 0, 3)-trisection of any RP 2 complement in X 4 . Naively, one might attempt to construct a trisection of a surface complement in the following way.
• Say X 4 is a 4-manifold with trisection (X 1 , X 2 , X 3 ).
• Let S ⊂ X 4 be a surface in (c, b)-bridge position with respect to the trisection (X 1 , X 2 , X 3 ).
• Delete a tubular neighborhood of S from each X i to find a trisection on X 4 \ ν(S). In some sense, this procedure nearly creates a relative trisection of X 4 \ ν(S). But recall from Definition 2.2 that a relative trisection must induce an open book on the 3-dimensional boundary, with pages X i ∩ X j ∩ ∂. In this setting, ((X i ∩ X j ) \ ν(S)) ∩ ∂(X 4 \ ν(S)) ∼ = b S 1 × I, which is roughly an annulus around each bridge of S in X i ∩ X j . Note that b can be 1 if and only if S is a sphere, since χ(S) = 3c − b. Therefore, if S is not a sphere, then ((X i ∩ X j ) \ ν(S)) ∩ ∂(X 4 \ ν(S)) is disconnected, and certainly cannot be a page in an open book on ∂(X 4 \ (S)).
To deal with this problem, we introduce an operation on manifolds X 4 = X 1 ∪ X 2 ∪ X 3 that can reduce the number of components of X 1 ∩ X 2 ∩ ∂X 4 . Definition 4.1. Let X 4 be a 4-manifold with boundary. Let X = X 1 ∪ X 2 ∪ X 3 , whereX i ∩X j = ∅. Let C be an arc in X i ∩ X j ∩ ∂X. Let ν(C) be a fixed tubular neighborhood of C. Let
. We call the replacement (X 1 , X 2 , X 3 ) → (X 1 , X 2 , X 3 ) a boundary-stabilization. We say that we have boundary-stabilized X k .
This move is depicted in Figure 8 .
We illustrate the effect of this stabilization on each X i , double intersection, and triple intersection by studying a trisection of RP 2 complements in the following subsection. 4.1. Trisecting complements of embedded RP 2 s. Let (X 1 , X 2 , X 3 ) be a trisection of X 4 . Let S be an embedded RP 2 in X. By [MZ2] , S can be isotoped to be in bridge position with respect to (X 1 , X 2 , X 3 ). We stabilize the trisection as in [MZ2] so that S∩X i = D 2 for each i. Note that S∩X i ∩X j is a trivial 2-bridge tangle. Delete a tubular neighborhood of S from X 4 . We will boundary-stabilize the X i to find a valid relative trisection of X \ ν(S).
The boundary-stabilization move is pictured in Figures 7 and 8 . We illustrate a stabilization of X 3 along an arc C in X 1 ∩ X 2 ∩ ∂(X \ ν(S)) which meets two different components of X 1 ∩ X 2 ∩ X 3 ∩ ∂(X \ S). This stabilization increases the genus of X 3 , X 1 ∩ X 3 and X 2 ∩ X 3 by one. We illustrate the effect on the X i ∩ X j ∩ ∂(X \ ν(S)) and X 1 ∩ X 2 ∩ X 3 in Figures  9 and 10 .
We perform three boundary-stabilizations in total; one on each X i . The end result will have X i ∩ X j ∩ ∂(X \ ν(S)) = a thrice punctured sphere or Figure 7 . Left: S ∩ X 1 ∩ X 2 . Right: We find an arc C in X 1 ∩ X 2 ∩ ∂(X \ S) which meets two different components of
e. an arc that runs along one bridge.] Figure 8 . Top: The shaded regions are slices of a neighborhood of C in X \ S before stabilizing. Bottom: To boundarystabilize, we declare this neighborhood is in X 3 .
an once punctured torus, depending on our choice of stabilization (see Fig.  11 .).
The point of these boundary-stabilizations is to ensure that X i ∩X j ∩∂(X \ ν(S)) is connected. Furthermore, we must check that X i ∩ ∂(X \ ν(S)) is a product (X i ∩ X j ∩ ∂(X \ ν(S))) × I to check that there is an induced open book on the boundary of X 4 \ ν(S).
Proof. After performing only the X 2 , X 3 boundary-stabilizations (Not yet
is an annulus (see Fig. 11 ). That is, after doing the X 2 , X 3 boundary-stabilizations, we have a product structure of X 1 ∩ ∂X over X 1 ∩ X 2 ∩ ∂X. The X 1 boundarystabilization adds a product (Band)×I.
Similarly, X i ∩ ∂(X \ ν(S)) is a product over X i ∩ X j ∩ ∂(X \ ν(S)), for any i = j. Thus, we have an open-book structure on ∂(X \ ν(S)).
To find the trisection diagram of the described trisection, note that when we stabilize X 3 along arc C in X 1 ∩X 2 , the core of C and its shadow together bound a disk in X 1 ∩ X 2 (see Fig. 12 ), giving an α curve. The other α curve goes around a shadow of the non-stabilized bridge in X 1 ∩ X 2 (again, see Fig. 12 ). Similarly for β and γ curves.
To obtain a relative trisection of X 4 \ν(S) with p = 0, b = 3, we fix one intersection of X 1 ∩X 2 ∩X 3 ∩S and choose the boundary-stabilizations to never Figure 9 . The boundary-stabilization move deletes a band from X 1 ∩ X 2 ∩ ∂(X \ S), and adds a band to each of X 1 ∩ X 3 ∩ ∂(X \ S) and X 2 ∩ X 3 ∩ ∂(X \ S) Figure 10 . The boundary-stabilization move adds a band to the triple intersection X 1 ∩ X 2 ∩ X 3 . meet that intersection. This ensures that the resulting triple-intersection of the relative trisectio on X 4 \ ν(S) has 3 boundaries.
4.2.
Trisecting complements of arbitrary surfaces. In this section, we trisect the complement of an arbitrary surface S in X 4 . The construction is similar to RP 2 case. Many indices are included for the very-interested reader. Averagely-interested readers may ignore these numbers.
Let S ⊂ X 4 be a connected surface with χ(S) = χ, in a (g, k)-trisected 4-manifold X 4 = (X 1 , X 2 , X 3 ). Isotope S so that (X 1 , X 2 , X 3 ) induces a (c, b) = ((χ + b)/3, b)-trisection of S.
By [MZ2] , we can stabilize each X i ((χ + b)/3 − 1)-times to obtain a trisection X = (X 1 ,X 2 ,X 3 ) so that S ∩X i = (one disk) andX i ∩X j = ((3 − Figure 11 . Top row, left to right: schematic of X 1 ; after stabilizing X 3 ; stabilizing to get three boundaries in the triple intersection; stabilizing to get one boundary in the triple intersection. Bottom row, left to right: schematic of
is the shaded boundary; stabilizing to get three boundaries in the triple intersection (planar page); stabilizing to get one boundary in the triple intersection (punctured torus page). 
Proof. Recall X i is a 4-dimensional handlebody, andX i is obtained from X i by attaching 1-handles. Therefore, X i is a 4-dimensional handlebody. In fact,
Moreover,X i ∩X j is formed by attaching 3-dimensional 1-handles and deleting boundary-parallel 3-dimensional 1-handles from the 3-dimensional handlebody X i ∩ X j , soX i ∩X j is a 3-dimensional handlebody. In fact,
where the core of each D 2 × I is properly embedded inX i ∩X j .
Furthermore, the triple intersectionX 1 ∩X 2 ∩X 3 is formed from X 1 ∩X 2 ∩ X 3 by stabilizing χ+b−3 times, deleting b disks, and attaching 6−3χ bands. Proof. The proof is virtually the same as in the previous section; See Figure  11 . NoteX 1 ∩X 2 ∩ ∂(X \ ν(S)) consists of (3 − χ) longitudinal annuli on the solid torusX 1 ∩ ∂(X \ ν(S)). After boundary-stabilizingX 2 and X 3 ,X 1 ∩X 2 ∩ ∂(X \ ν(S)) is an annulus. StabilizingX 1 increases the genus ofX 1 ∩ ∂(X \ ν(S)) while adding a band across the new genus tô
Similarly, we find that X i ∩ ∂ν(S) is a product over X i ∩ X j ∩ ∂ν(S). Therefore, (X 1 ,X 2 ,X 3 ) induces an open book structure on ∂X \ ν(S). Thus, (X 1 ,X 2 ,X 3 ) is a relative trisection for X 4 \ ν(S).
In Figure 13 we consider S =(spun trefoil)#(unknotted torus) ⊂ S 4 . S can be isotoped so that the standard (0, 0)-trisection (X 1 , X 2 , X 3 ) of S 4 induces a (2, 6)-bridge trisection of S. We stabilize each X i once along an arc in X j ∩ X k ∩ S to find a (3, 1)-trisection (X 1 ,X 2 ,X 3 ) of S 4 inducing a (1, 3)-bridge trisection of S. We then delete ν(S) and boundary stabilize eachX i twice to obtain a relative trisection of S 4 \ ν(S). In Figure 14 we show a trisection diagram of (X 1 ,X 2 ,X 3 ). The trisection surface isX 1 ∩X 2 ∩X 3 with bands attached according to the boundary stabilizations. The α curves correspond to
• α curves in the original trisection (X 1 , X 2 , X 3 ) of S 4 (there are none in this example.) • α = a ∪ a , where a is an arc in X 1 ∩ X 2 ∩ S along which X 3 is stabilized, and a is a shadow of a on X 1 ∩ X 2 ∩ X 3 . (These α curves correspond to α curves in the trisection (X 1 ,X 2 ,X 3 ). In this example, there is one.) • α = a ∪ a , where a is an arc inX 1 ∩X 2 ∩ S along whichX 3 is boundary-stabilized, and a is a shadow of a onX 1 ∩X 2 ∩X 3 . (These Figure 13 . Top: a bridge diagram for S =(spun trefoil)#(unknotted torus). Bottom: We stabilize each X i once, delete ν(S), then boundary-stabilize each X i twice. Here we indicate with color what regions of X i ∩X j to thicken and move to X k . α curves correspond to the increase in genus ofX 1 ∩X 2 whenX 3 is boundary-stabilzed. There are two such α curves in this example. These are the α arcs running along the bands from boundarystabilization.)
• α = double of a shadow of an arc in X 1 ∩ X 2 ∩ S. (Think of these curves as cutting out the feet of a bridge in X 1 ∩ X 2 according to a shadow of that bridge. We draw curves for all but one bridges that are not stabilized along when X 3 →X 3 (the last is not linearly independent. In this example, there are 6 bridges in X 1 ∩ X 2 ∩ S and X 3 is stabilized once, so we have four such α curves.
The β, γ curves are found similarly by exchanging the roles of the X i .
5. Gluing P ± to X 4 \ RP 2 .
Let S ⊂ X 4 be an RP 2 with Euler number ±2. We have previously produced preferred (g, k, p, b) = (2, 2, 0, 3)-trisections T 1 , T 2 of ν(S) (see Section 3.2), and can produce a (g, k, 0, 3)-trisection of X 4 \ν(S) (via Section 4.1). The following easy lemma allows us to glue these trisections. Figure 14 . We find a relative trisection diagram for the example in 13. Note that there is an α corresponding to the stabilization of X 3 (handle B). There are 2 α curves running along bands corresponding to boundary-stabilizations of X 3 (These curves run along the bands, and then run backwards along shadows of the bands on the triple-intersection surface). There are 4 α curves circling shadows of bridges in X 1 ∩ X 2 ∩ S, projected ontoX 1 ∩X 2 ∩X 3 . The β, γ curves are found similarly. This particular diagram has (g, k, p, b) = (8, 4, 1, 2). 
We have Z/2 ⊕ Z/2 = H 1 (Q) is the abelianization of π 1 (Q). So if h = 1, Z/2 ⊕ Z/2 ∼ = x 1 , x 2 | ax 1 = bx 2 = c(x 1 + x 2 ) = 0 . Then a and b are even, but neither x 1 nor x 2 can be ±1 (or else H 1 (Q) would be cyclic). Therefore, 4 | (a, b, c), giving abelianization Z/4 ⊕ Z/4, a contradiction. Therefore, h = −1. Now h = −1, and Z/2 ⊕ Z/2 = π 1 (Q)/ −1 = x 1 , x 2 , x 3 | x a 1 = x b 2 = x c 3 = x 1 x 2 x 3 = 1 . By multiplying the x i by −1 and/or replacing x i with x −1 i , we see this group is isomorphic to the triangle group x, y, z | x |a| = y |b| = z |c| = xyz = 1 . Since π 1 (Q)/ −1 = Z/2 ⊕ Z/2 is finite and dihedral, this is a spherical triangle group with |a| = |b| = |c| = 2. Computing |H 1 (Q)| = |ab + bc + ca| yields {a, b, c} = ±{2, 2, −2}.
Corollary 5.2. Let T be a (g, k, 0, 3)-trisection of X 4 \ ν(S). If e(S) = −2, then the monodromy on the open book induced by T has left-handed twists about two bindings and right-handed twists about the other (mirrored for e(S) = +2).
Proof. Say e(S) = −2. Fix Q = ∂P − with singular fibers S 0 , S 1 , S −1 . We saw in Section 3.2 that T 1 , T 2 each have monodromy consisting of righthanded twists about two boundaries and left-handed twists about the other. Suppose the same is true for T . If the left-handed boundary corresponds to S −1 , then we see T 1 and T induce the same orientation on Q. Similarly, if the left-handed boundary corresponds to S 0 or S 1 , then we see T induces the same orientation on Q as T 2 . In either case, we find X 4 \ P − and P − induce the same orientation on Q; a contradiction. Figure 16 . Top: We find a trisection diagram of the complement of S in S 4 . Middle: We rearrange the diagram to see the genus added by the bands. Bottom: We simplify the diagram by doing handle slides. The purple (thick) arc is disjoint from the α, β curves. We can do the monodromy algorithm to find the sign of the Dehn twists of the monodromy induced by T around these bindings. Figure 17 . Finally, we obtain trisections of S 4 , τ (S 4 ), Σ(S 4 ) by gluing T 1 or T 2 to T . The choice of which boundary in T to identify with the S −1 boundary of T 1 or T 2 determines the diffeomorphism type of the described closed 4-manifold.
